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I provide new arguments supporting the validity of the t'Hooft anomaly conditions 
at non zero quark chemical potential. These constraints strengthen the quark- 
hadron continuity scenario. Finally I review the 2SC effective Lagrangian for color 
superconductivity. 



1. Introduction 

To understand the low energy physics of strongly interacting theories such 
as QCD and QCD like theories, where perturbation theory is not applica- 
ble, effective Lagrangians constructed with the aid of the global symmetries 
of the underlying theory play a relevant role. To constrain the low energy 
dynamics at zero quark chemical potential t'Hooft anomaly matching con- 
ditions are much used. 

While low energy effective Lagrangians at non zero quark chemical po- 
tential for QCD like theories have been widely used in literature, the con- 
sequences of the t'Hooft anomaly conditions in this regime are still not 
fully explored. Here I provide new arguments, not discussed in literature, 
supporting the validity of the anomaly mathcing conditions at non zero 
chemical potential. These constraints strengthen the quark-hadron conti- 
nuity scenario. Finally I briefly review the 2SC effective low energy theory. 



2. Color Superconductivity and the QCD Phase Diagram 

At zero temperature but very high quark chemical potential strong interac- 
tions favor the formation of quark-quark condensates in the color antisym- 
metric channel 1 . Possible physical applications are related to the physics 
of compact objects , supernovae explosions 2 as well as to the Gamma Ray 
Bursts puzzle 3 . Recently these ideas have been investigated in detail in 4 . 
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According to the number of light flavors in play we have different phases. 
A theoretical picture of the QCD phase diagram is presented in the second 
panel of Fig. 1 while in the first panel the relevant experiments and possible 
physical applications are displayed 5 . 




baryonic chemical potential u D |GeV| 




Crystalline Phase 



Figure 1. Left PanekPossible physical applications and region of the QCD phase dia- 
gram explored by different experiments. Right Panel: An oversimplified cartoon of the 
theoretical QCD phase diagram. The crystalline phase may exists only if we have differ- 
ent chemical potentials for the up and down quarks. The deconfined SU C (2) corresponds 
to the phase where we have gapped up and down quarks and the remaining unbroken 
SU C (2) of color deconfined. 



2.1. Color Flavor Locked Phase 

For Nf — 3 light flavors at very high chemical potential dynamical com- 
putations suggest that the preferred phase is a superconductive one and 
the following ansatz for a quark-quark type of condensate is energetically 
favored: 

e Q/3 < '//.,.:,,.,'//. -.v..., >~ hSaiSbj + k 2 6 aj 5 bl . (1) 

A similar expression holds for the right transforming fields. The Greek 
indices represent spin, a and b denote color while i and j indicate fla- 
vor. The condensate breaks the gauge group completely while locking the 
left/right transformations with color. The final global symmetry group is 
SU c+ l+r(3), and the low energy spectrum consists of 9 Goldstone bosons. 

The low energy effective theory for 3 flavors (CFL) has been developed 
in 6 . We refer to 1,7 for a complete summary and review of this phase. 
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2.2. 2 SC General Features 

QCD with 2 massless flavors has gauge symmetry SU C (3) and global sym- 
metry 

SU L (2) x SU R {2) x U v (l) ■ (2) 

At very high quark density the ordinary Goldstone phase is no longer fa- 
vored compared with a superconductive one associated to the following type 
of diquark condensates: 

(it") „ ( £ ab V^ M<ZLc , J;a } , (B) a ) ~ -(e^qn^q^) , (3) 

If parity is not broken spontaneously we have (L a ) = (R a ) = where 
we choose the condensate to be in the 3rd direction of color. The order 
parameters are singlets under the SUl{2) x SUr(2) flavor transformations 
while possessing baryon charge |. The vev leaves invariant the following 
symmetry group: 

[SU C {2)] x SU L (2) x SU R {2) x U v {1) , (4) 

where [SU C (2)] is the unbroken part of the gauge group. The Uy{l) gen- 
erator B is the following linear combination of the previous ?7y(l) gener- 
ator B and the broken diagonal generator of the SU C (3) gauge group T 8 : 

B = B — T 8 = diag(0, 0, 1). The quarks with color 1 and 2 arc neutral 

under B and consequently so is the condensate. 



3. Anomaly Matching Conditions 

The superconductive phase for Nf — 2 possesses the same global symmetry 
group as the confined Wigner-Weyl phase. The ungapped fermions have 
the correct global charges to match the t' Hooft anomaly conditions as 
shown in 8 . Specifically the SU{2) L /ji x U(l)v global anomaly is correctly 
reproduced in this phase due to the presence of the ungapped fermions. This 
is so since a quark in the 2SC case is surrounded by a diquark medium (i.e. 
q (qq) ) and behaves as a baryon. 

u\ I p 



d J . , V n 

color— Z 



The validity of the t 'Hooft anomaly conditions at high matter density have 
been investigated in 8,9 . A delicate part of the proof presented in 9 is linked 
necessarily to the infrared behavior of the anomalous three point function. 
In particular one has to show the emergence of a singularity (i.e. a pole 
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structure). This pole is then interpreted as due to a goldstone boson when 
chiral symmetry is spontaneously broken. 

One might be worried that, since the chemical potential explicitly breaks 
Lorentz invariance, the gapless (goldstone) pole may disappear modifying 
the infrared structure of the three point function. This is not possible. 
Thanks to the Nielsen and Chadha theorem 10 , not used in 9 , we know 
that gapless excitations are always present when some symmetries break 
spontaneously even in the absence of Lorentz invariance a . Since the quark 
chemical potential is associated with the barionic generator which com- 
mutes with all of the non abelian global generators the number of goldstone 
bosons must be larger or equal to the number of broken generators. Besides 
all of the goldstones must have linear dispersion relations (i.e. are type 1 10 ). 
This fact not only guarantees the presence of gapless excitations (justifying 
the analysis made in 9 on the infrared behavior of the form factors) but 
demonstrates that the pole structure due to the gapless excitations needed 
to saturate the triangle anomaly is identical to the zero quark chemical 
potential one in the infrared. 

It is also interesting to note that the explicit dependence on the quark 
chemical potential is communicated to the goldstone excitations via the 
coefficients of the effective Lagrangian (see 7 for a review) . For example F ff 
is proportional to \i in the high chemical potential limit and the low energy 
effective theory is a good expansion in the number of derivatives which 
allows to consistently incorporate in the theory the Wess-Zumino-Witten 
term 8 and its corrections. 

The validity of the anomaly matching conditions have far reaching con- 
sequences. Indeed, in the three flavor case, the conditions require the gold- 
stone phase to be present in the hadronic as well as in the color supercon- 
ductive phase supporting the quark-hadron continuity scenario 11 . At very 
high quark chemical potential the effective field theory of low energy modes 
(not to be confused with the goldstone excitations) has positive Euclidean 
path integral measure 12 . In this limit the CFL is also shown to be the 
preferred phase. Since the fermionic theory has positive measure only at 
asymptotically high densities one cannot use this fact to show that the CFL 
is the preferred phase for moderate chemical potentials. This is possible 
using the anomaly constraints. 

While the anomaly matching conditions are still in force at non zero 



a Under specific assumptions which are met when Lorentz invariance is broken via the 
chemical potential. 
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quark chemical potential 8 the persistent mass condition 13 ceases to be 
valid. Indeed a phase transition, as function of the strange quark mass, 
between the CFL and the 2SC phases occurs. 

We recall that we can saturate the t'Hooft anomaly conditions either 
with massless fermionic degrees of freedom or with gapless bosonic excita- 
tions. However in absence of Lorentz covariance the bosonic excitations are 
not restricted to be fluctuations related to scalar condensates but may be 
associated, for example, to vector condensates 14 . 

4. 2SC Effective Low Energy Theory 

The spectrum in the 2SC state is made of 5 massive Gluons with a mass 
of the order of the gap, 3 massless Gluons confined (at zero temperature) 
into light glueballs and gapless up and down quarks in the direction (say) 
3 of color. 

4.1. The 5 massive Gluons 

The relevant coset space G/H 15,16 with 

G = SU C (3) x U v (l) , and H = SU C (2) x U v (l) (5) 
is parameterized by: 

V = exp(ifX i ) , (6) 

where {X 1 } i = 1, • • • ,5 belong to the coset space G/H and are taken to 
be X 1 = T 4 + 3 for i = 1, • • • , 4 while 

* 5 = B + ^r 8 = diag(ii,0). ( 7) 

T a are the standard generators of SU(3). The coordinates 

TP TT 5 
C = j i = 1,2,3,4, £ = y 

via II describe the Goldstone bosons which will be absorbed in the longitu- 
dinal components of the gluons. The vevs / and / are, at asymptotically 
high densities, proportional to u. V transforms non linearly: 

V(0 - u v g V(0 ht(£, g, u) ht(£, g, u) , (8) 

with 



u v eU v (l), geSU c (3), 
h{£, g, u) e SU C (2) , hy(£, g, u) e U v (l) 



(9) 
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It is convenient to define the following differential form: 

^ = iV^D^V with D^V = (dp - ig s G^)V , (10) 

with Gfj, = G™T m the gluon fields while g 8 is the strong coupling constant. 
u) transforms according to: 

-> 9, u)w^{(„ g,u)+i h(£, g, u)d M h^(^, g, u) 
+ ihy(^g ) u)d li ht(^ ) g,u) . 

We decompose into 

w]l = 2S* a Tr [5°^] and = 2X l Ti [X*^] , (11) 

S a are the unbroken generators of H, while S* 1 ' 2 ' 3 = T 1 - 2 ' 3 and S" 4 = B /\/2. 

The most generic two derivative kinetic Lagrangian for the goldstone 
bosons is: 

L = / 2 a 1 Tr[c>^] +/ 2 a 2 Tr[^]Tr[^] . (12) 

The double trace term is due to the absence of the condition for the van- 
ishing of the trace for the broken generator X 5 . It emerges naturally in the 
non linear realization framework at the same order in derivative expansion 
with respect to the single trace term. In the unitary gauge these two terms 
correspond to the five gluon masses 15 . 

4.2. ... and don't relax yet ! 

For the fermions it is convenient to define the dressed fermion fields 

i) = V^, (13) 

transforming as ip — > hy(£, g, u)h(^, g, u) ip. ip has the ordinary quark trans- 
formations (i.e. is a Dirac spinor). Pictorially ip can be viewed as a con- 




stituent type field or alternatively as the bare quark field ip immersed in 
the diquark cloud represented by V. The non linearly realized effective La- 
grangian describing in medium fermions, gluons and their self interactions, 
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up to two derivatives is: 

L = f ai Tr [u^ 1 - } + f 2 a 2 Tr ] Tr [u^ ] 

+ mM&rfiiT 2 )^^ + h.c. , (14) 
where ip c = i^ 2 ip* , i, j = 1,2 arc flavor indices and 

Here ai, a2, 61 and b 2 are real coefficients while itim is complex. From the 
last two terms, representing a Majorana mass term for the quarks, we see 
that the massless degrees of freedom are the ip a =3,i- The latter possesses 
the correct quantum numbers to match the 't Hooft anomaly conditions 8 . 



5. The SU C (2) Glueball Lagrangian 

The SU C (2) gauge symmetry does not break spontaneously and confines. 
Calling H a mass dimension four composite field describing the scalar glue- 
ball we can construct the following lagrangian 17 : 

S G - baU = J d A x{^VbH-i [d°Hd°H - v 2 d l Hd l H] 



H 

A* 



(16) 



This Lagrangian correctly encodes the underlying SU C (2) trace anomaly. 
The glueballs move with the same velocity v as the underlying gluons in the 
2SC color superconductor. A is related to the intrinsic scale associated with 
the SU C (2) theory and can be less than or of the order of few MeVs 18 b Once 
created, the light SU C (2) glueballs are stable against strong interactions 
but not with respect to electromagnetic processes 17 . Indeed, the glueballs 
couple to two photons via virtual quark loops. 

5 



r[/i-> 77 ] w 1.2 x 10" 



1 MeV 



eV 



(17) 



where a — e 2 /A-k ~ 1/137. For illustration purposes we consider a glueball 
mass of the order of 1 MeV which leads to a decay time r ~ 5.5 x 10~ 14 s. 



b According to the present normalization of the glueball field A 4 is v A 4 with A the 
intrinsic scale of SU C (2) after the coordinates have been appropriately rescaled 1S ' 17 to 
eliminate the v dependence from the action 19 . 
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This completes the effective Lagrangian for the 2SC state which corresponds 
to the Wigner-Weyl phase. 

Using this Lagrangian one can estimate the SU C (2) glueball melting 
temperature to be 20 : 



Where Tcsc is the color superconductive transition temperature. The 



Figure 2. A zoom of the 2SC phases as function of temperature for fixed quark chemical 
potential. 

deconfining/confining SU C (2) phase transition within the color supercon- 
ductive phase is second order. 

6. Conclusions 

The Phase Diagram in Fig. 1 is just an educated guess of the true QCD 
phase diagram. Indeed other interesting phases may emerge. For example 
in the CFL phase the K + and K° modes may be unstable for large values 
of the strange quark mass signaling the formation of a kaon condensate 21 . 
Vortex solutions in dense quark matter due to kaon condensation have been 
explored in 22 . 

Another interesting avenue is the possibility of higher spin condensates 
which can enrich the phase diagram structure of QCD and QCD-like the- 
ories 14 > 23 ' 24 . Recent lattice simulations seem to support these predictions 
25,26 f or 2 co lor QCD. If these results are confirmed then for the first time we 
observe spontaneous rotational breaking solely due to strongly interacting 
matter. 

An interesting part of the QCD phase diagram 27 which will be covered 
elsewhere is the temperature driven confining-deconfining phase transition. 
Thanks to lattice simulations we have a great deal of information 28 . Only 
very recently new methods have been proposed which might help studying 




(18) 



T 



Quark Gluon Plasma 




2SC with SU(2) Confined 
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the phase diagram at non zero chemical potential via lattice simulations 
29 . However still much is left to be understood about the nature of the 
transition of hot hadronic matter to a plasma of deconfined quarks and 
gluons 30 . New effective Lagrangians for the Polyakov loops 31 and the 
Polyakov loops together with the hadronic states for the pure Yang-Mills 
theory 32 lead to a deeper understanding of the properties of the underlying, 
temperature driven, deconfinement transition 33 . 
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